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In the absence of spin-orbit coupling, the conventional dogma of Anderson localization asserts that
all states localize in two dimensions, with a glaring exception: the quantum Hall plateau transition
(QHPT). In that case, the localization length diverges and interference-induced quantum-critical
spatial fluctuations appear at all length scales. Normally QHPT states occur only at isolated
energies; accessing them therefore requires fine-tuning of the electron density or magnetic field. In
this paper we show that QHPT states can be realized throughout an energy continuum, i.e. as an
“energy stack” of critical states wherein each state in the stack exhibits QHPT phenomenology.
The stacking occurs without fine-tuning at the surface of a class AIII topological phase, where it is
protected by U(1) and (anomalous) chiral or time-reversal symmetries. Spectrum-wide criticality
is diagnosed by comparing numerics to universal results for the longitudinal Landauer conductance
and wave function multifractality at the QHPT. Results are obtained from an effective 2D surface
field theory and from a bulk 3D lattice model. We demonstrate that the stacking of quantum-
critical QHPT states is a robust phenomenon that occurs for AIII topological phases with both odd
and even winding numbers. The latter conclusion may have important implications for the still
poorly-understood logarithmic conformal field theory believed to describe the QHPT.
I. INTRODUCTION
Non-interacting topological quantum phases of mat-
ter feature robust gapless edge or surface states [1–3].
Remarkably, these states are protected from Anderson
localization [4–6], defying the central dogma of conven-
tional localization physics according to which all states
localize in one dimension, as do most states in two di-
mensions [7]. An exception occurs for 2D systems with
strong spin-orbit coupling and sufficiently weak disorder;
in this case Anderson localization occurs near the band
edges, but states near the band center can remain delo-
calized due to weak antilocalization [8]. By contrast, for
the chiral [helical] edge states of the quantum Hall effect
[2D topological insulators (TIs)], as well as the isolated
2D Dirac cone at the boundary of a 3D TI, all states
spanning the bulk gap are prevented from localizing.
While the protection of chiral and helical 1D edge
states is easily understood as the absence of elastic
backscattering [1, 2, 9, 10], the effects of disorder on 2D
surface states of bulk topological phases is more subtle.
Indeed, although pure backscattering is suppressed for
the single Dirac fermion cone that forms at the bound-
ary of the simplest 3D TI, elastic impurity scattering does
occur at all other angles. The protection of the 2D sur-
face states throughout the bulk energy gap is understood
from the combination of weak antilocalization, as well as
a Z2 topological term in the effective field theory for the
surface with quenched disorder (a nonlinear sigma model
in the symplectic class) [7, 11–15].
In this paper, we consider the effects of disorder on
2D Dirac surface states of class AIII topological phases,
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FIG. 1. Summary of main results. (a) We consider a 2D
Dirac node in the presence of quenched vector potential disor-
der A(r) of correlation length ξ and strength λ, modeling the
surface state of a topological phase in symmetry class AIII. It
is well known that the zero energy field theory is critical while
finite energies E feature a power-law density of states (b) and
an emergent length scale ζ ∼ E−1/z. (c) By studying the
real-space characteristics of finite energy eigenstates (conduc-
tivity σ and the curvature of the multifractality spectrum θ),
we identify ζ as a crossover scale beyond which criticality of
the quantum Hall plateau transition (QHPT) type emerges.
Our results imply that the finite-energy states form a “stack”
of critical QHPT wave functions; this is in sharp contrast
to the conventional expectation of Anderson localization [16].
We also show that this unusual energy-continuum of critical
states is stable under the addition of a second Dirac node.
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2at energies throughout the bulk gap. In the absence of
strong interactions [17], class AIII is characterized by a
Z-valued winding number ν in three dimensions, reflect-
ing the number of 2D Dirac nodes on the surface. In this
case, due to the absence of full spin-orbit coupling, pro-
tection from Anderson localization cannot be attributed
to weak antilocalization. Class AIII could be realized ei-
ther as a topological insulator on a bipartite lattice, with
complex hopping that preserves sublattice symmetry but
breaks time-reversal, or as a time-reversal invariant, spin-
triplet topological superconductor (TSC) that preserves
a U(1) remnant of spin SU(2) symmetry [4, 18–20].
The effects of quenched disorder for class AIII surface
states at energies close to zero are well known; here en-
ergy is measured relative to the surface Dirac point and
the disorder comes in the form of a random vector po-
tential. Topologically-protected continuum Dirac models
were originally studied in the contexts of the quantum
Hall effect [16] and d-wave superconductor quasiparticles
[21–25]. The zero-energy states always escape Anderson
localization [16, 21]. Instead, these states are quantum
critical, exhibiting strongly inhomogeneous spatial fluc-
tuations on all length scales. These fluctuations can be
characterized by the multifractal spectrum of wave func-
tion intensities [7], which is known exactly in these mod-
els [16, 22, 23, 26]. Two other key attributes include a
critical low-energy density of states ρ(E) that vanishes or
diverges as E → 0, and a precisely quantized longitudi-
nal conductivity at zero energy, independent of disorder
[7, 16, 27, 28] and (at zero temperature) interactions [29].
Despite this plethora of exact results at zero energy,
very little was known about the character of finite-energy
states or of the finite-temperature response. Ludwig et
al. [16] argued that all finite-energy states of a 2D Dirac
model with one node (corresponding to the bulk winding
number ν = 1) should Anderson localize. Later, Os-
trovsky et al. [14] instead conjectured that finite-energy
states in this model could escape localization via a re-
markable route: each of these states would sit exactly
at the integer quantum Hall plateau transition (QHPT).
The QHPT is a quantum phase transition that divides
Anderson topological-insulating quantum Hall plateaux;
it is known to also be quantum critical, with apparently
universal multifractal spectra and average longitudinal
conductivity [7, 30–34]. Ostrovsky et al. suggested how-
ever that this would only hold very close to the Dirac
point [14]. Moreover, the derivation would seem to imply
an “even-odd” effect, similar to the Haldane conjecture
for half-integer versus integer Heisenberg spin chains.
Specifically, finite-energy class AIII topological surface
states with odd winding numbers are predicted to ex-
hibit QHPT criticality, while those with even winding
numbers would simply localize [5, 14, 15].
In this paper, we present strong numerical evidence
that finite-energy surface states throughout the bulk gap
of a class AIII topological phase exhibit QHPT critical-
ity beyond the crossover length scale ζ ∼ E−1/z of the
zero energy critical theory, see Fig. 1 for a graphical sum-
mary. Moreover, we find no evidence of an even-odd ef-
fect. Calculations are performed for winding numbers
ν = {1, 2} using two different model types: (1) effec-
tive low-energy 2D surface field theories and (2) surface
states of 3D topological lattice models in the slab geome-
try. For the continuum theories, we compute the energy-
resolved Landauer conductivity, multifractal spectrum,
and density of states. We observe the crossover of the
conductivity between the exact zero-energy class AIII re-
sult and the known average conductivity of the QHPT
[31–34]; concomitantly we observe QHPT multifractal-
ity. We demonstrate the crossover between two copies
of the ν = 1 model to ν = 2 as a function of internode
scattering. Our results confirm and significantly extend
a previous glimpse of QHPT multifractality at finite en-
ergy reported in Ref. [35]. For the lattice models, we
provide evidence that states throughout the gap avoid
localization, and that finite-energy states exhibit multi-
fractal spectra consistent with the QHPT. We summarize
our main findings in Fig. 1.
We conclude that class AIII appears to solve the prob-
lem of topologically protecting its surface state spectrum
throughout the bulk gap by forming an energy contin-
uum of QHPT states. This is surprising, given that in
the 2D quantum Hall effect, critical states appear only at
isolated energies; accessing them in experiment requires
fine-tuning of the electron density or magnetic field to a
quantum critical point. The phenomenon of spectrum-
wide criticality observed here is very unusual, but has
been previously reported in two other cases: models for
surface states of class CI and DIII topological supercon-
ductors (TSCs) [36, 37]. The finite-energy states in class
CI [36] were found to exhibit critical statistics consistent
with the class C spin quantum Hall plateau transition
[7, 38–44]. A single surface Majorana fermion cone is
predicted to occur at the boundary of a class DIII TSC,
such as the candidate material CuxBi2Se3 [2, 45]. In the
presence of disorder, finite-energy class DIII Majorana
surface states also appear to exhibit robust, universal
criticality [37], conjectured to be related to the thermal
quantum Hall plateau transition in class D [46–52].
Together, the results obtained in this paper and in
Refs. [36, 37] imply that the ordinary 3D class AII, Z2
topological insulator is actually the exceptional case. The
metallic surface states of a class AII TI do not exhibit
universal criticality; instead, the classical surface con-
ductivity at each energy in the gap is determined by
the impurity density and the density of states, and this
nonuniversal, energy-dependent value is continuously en-
hanced at larger distances due to weak antilocalization
[7, 11–14]. On the other hand, three of the five [4, 20]
topological classes in 3D exhibit spectrum-wide quantum
criticality. There appears to be an unexpected, integral
connection between Z-graded topological phases in two
and three spatial dimensions: the quantum phase tran-
sitions in the former (classes C, A, D) are bundled into
gap-spanning stacks of surface eigenstates in the latter
(classes CI, AIII, DIII). Our results should have a deeper
3topological underpinning, which however remains yet to
be uncovered.
Our results may also have implications for the theory
of the class A integer QHPT itself. The transition has
been extensively studied numerically [7, 30], with uni-
versal signatures consistent with a conformally invariant
critical point. Despite 30 years of effort, very little is
known about this critical point analytically, which is be-
lieved to be governed by a logarithmic conformal field
theory (LCFT) [53]. A recent proposal by Zirnbauer [54]
in fact argues that the QHPT is itself governed by a zero-
energy, class AIII theory with winding number ν = 4.
An additional special feature is that the purely marginal
abelian disorder strength (a generic feature for class AIII
theories, reviewed below) is fine-tuned to a special value
so as to render the density of states non-critical. A very
surprising consequence of this proposal is that the corre-
lation length exponent νQHPT is actually predicted to be
infinite; the claim being that existing numerical studies
showing νQHPT in the range between 2.3–2.6 [7, 30, 55–
63] are beset by finite-size effects. We note that for the
finite-energy class AIII surface states that exhibit QHPT
critical statistics, the exponent νQHPT does not play a role
because all states are delocalized.
If Zirnbauer’s proposal is correct, then our numerical
results suggest that both the zero- and finite-energy states
of the class AIII bulk topological phase with the spe-
cial winding number ν = 4 are governed by the same
conformal field theory. In this scenario, the energy per-
turbation serves only to fine-tune the abelian disorder
strength to the correct value so as to achieve QHPT crit-
icality. At least this proposal should be falsifiable using
the class AIII surface state theory, which is a relatively
well-understood LCFT (a Wess-Zumino-Novikov-Witten
model [21–24, 64]).
A. Outline
This paper is organized as follows. In Sec. II, we tran-
scribe a disordered Dirac Hamiltonian for two nodes. We
enumerate topological (anomalous) and regular symme-
try operations and identify ν = 1, 2 class AIII surface
state models. We also define two non-topological models
that will be studied for comparison: a Dirac version of
the Gade “sublattice hopping” class AIII model [65–67],
and a topologically trivial version of spinless graphene in
the unitary class A. We summarize key known results for
these models, as well as for the quantum Hall plateau
transition.
In Sec. III, we present numerical results for the ν = 1
topological AIII model at zero and finite energies. These
include the density of states, the multifractal spectrum
for wave function and local density of states fluctua-
tions, and the Landauer conductivity. In Sec. IV, we
repeat this analysis for the ν = 2 topological surface
state model. In Sec. V, we present analogous results for
the non-topological Dirac models defined in Sec. II.
Results for multifractal spectra of surface states ob-
tained from a 3D topological lattice model in the slab
geometry, with bulk winding numbers ν = {1, 2}, are
presented in Sec. VI. We discuss our results in the con-
text of similar findings in classes CI and DIII [36, 37] in
Sec. VII, and in particular highlight possible implications
for the analytical understanding of the logarithmic con-
formal field theory [53] governing the QHPT. The latter
is explored in light of a very recent proposal by Zirnbauer
[54] linking the QHPT to an effective AIII surface state
model with winding number ν = 4.
II. 2D DIRAC MODELS, SYMMETRY CLASSES,
AND TOPOLOGICAL SURFACE THEORIES
The low-energy physics of the class AIII topological
surface states that we study in this paper in Secs. III and
IV, along with two non-topological models employed for
comparison (Sec. V), can be encoded in a 2D, two-valley
Dirac-fermion Hamiltonian. The most generic model can
be considered the low-energy effective field theory for
spinless graphene, with the two cones corresponding to
the K and K ′ valleys. The Hamiltonian is [7]
H =
∫
d2rψ† hˆ ψ, hˆ ≡ hˆ0 + hˆA + hˆB + hˆC , (1)
where
hˆ0 = − i v σˆa¯ ∂a¯, (2a)
hˆA =ma¯ σˆ3 τˆa¯ +Aa¯,3 σˆa¯ τˆ3, (2b)
hˆB =V0 +m3 σˆ3 τˆ3 +Aa¯,b¯ σˆa¯ τˆb¯, (2c)
hˆC =Va¯ τˆa¯ + V3 τˆ3 +m0 σˆ3 +Aa¯,0 σˆa¯, (2d)
where a¯ ∈ {1, 2} and repeated indices are summed.
The parameter v is the Fermi velocity, while the 16
potentials {mµ, A1,µ, A2,µ, Vµ} (µ ∈ {0, 1, 2, 3}) encode
quenched disorder [68]. In the context of graphene,
the four-component Dirac spinor is defined via ψT ≡[
cA,K cB,K cB,K′ −cA,K′
]
, where T denotes the matrix
transpose, and where cA,K (cB,K′) annihilates an electron
on sublattice A (B) in valley K (K ′). The Pauli matrices
{σˆ1,2,3} ({τˆ1,2,3}) act on sublattice (valley) space, so that
σˆ3 ⇒ diag{1,−1, 1,−1} and τˆ3 ⇒ diag{1, 1,−1,−1}.
For spinless fermions hopping on the honeycomb lat-
tice, three key symmetries are T 2 = +1 time-reversal,
P 2 = +1 particle-hole, and sublattice S symmetry. The
latter is the product of T and P . With respect to the
single-particle Hamiltonian hˆ, these symmetries are en-
coded in the conditions [69]
T : σˆ2 τˆ2 hˆ∗ σˆ2 τˆ2 = hˆ, (3a)
P : −σˆ1 τˆ1 hˆT σˆ1 τˆ1 = hˆ, (3b)
S : −σˆ3 τˆ3 hˆ σˆ3 τˆ3 = hˆ, (3c)
where ∗ denotes the complex conjugate. The kinetic
Hamiltonian in Eq. (2a) as well as the bilinear pertur-
bations in hˆA [Eq. (2b)] are invariant under T , P , and S.
4Those in hˆB [Eq. (2c)] are invariant under T , but not P
or S, while those in hˆC [Eq. (2d)] are odd under T ; some
are invariant under P or S.
In the graphene context, {m1,2}, m3, and m0 respec-
tively denote Kekulé, CDW, and Haldane masses [3, 70].
The particle-hole symmetric vector potentials {Aa¯,3} can
encode elastic strain (via pseudomagnetic fields) [71].
The scalar potential is V0, while real magnetic fields can
be encoded in {Aa¯,0}.
A. Non-topological class A and AIII models
In the absence of T , P , and S, the Dirac Hamiltonian
in Eq. (2) resides in the unitary class A. If we take all
16 bilinear perturbations to be Gaussian random vari-
ables with zero average (including a vanishing average
Haldane/Chern insulator mass m0 = 0), then this theory
realizes a topologically trivial Anderson insulator, with
localized states at all energies [7, 28].
We can get a purely two-dimensional, nontopological-
surface-state version of class AIII by imposing only sub-
lattice symmetry S. In the honeycomb lattice model,
sublattice symmetry is implemented via
cA(rA)→ c†A(rA), cB(rB)→ −c†B(rB), i→ −i. (4)
This is a symmetry for real or complex nearest-neighbor
hopping on any bipartite lattice at half-filling [65, 66].
The allowed bilinear perturbations implied by Eq. (3c)
are {m1,m2, A1,3, A2,3, V1, V2, A1,0, A2,0} [67]. The vec-
tor potentials act independently on the two nodes, while
the scalar and mass potentials scatter between them.
This class AIII Hamiltonian can alternatively describe
Bogoliubov-de Gennes quasiparticles in a 2D px-wave,
spin-triplet (“polar” [72]) superconductor [18].
At the band center (≡ zero energy), sublattice symme-
try introduces additional Goldstone modes in the non-
linear sigma model target manifold relative to ordinary
metals. As a result, states near zero energy evade Ander-
son localization, as originally shown by Gade and Weg-
ner [65, 66]. Localization is still possible for strong ran-
dom hopping [73]. On the other hand, at energies away
from zero we expect eigenstates to reside in an ordinary
Wigner-Dyson class. For a system possessing only sub-
lattice symmetry, the finite-energy states are expected
to reside in the unitary class A, which localizes without
fine-tuning to the quantum Hall plateau transition. (See
Sec. VIIA for a precise nonlinear sigma model formula-
tion in the topological case.) Thus all finite-energy states
of a non-topological class AIII model in two dimensions
are expected to localize.
B. Topological AIII models with ν ∈ {1, 2}
Classes CI, AIII, and DIII can describe quasiparticles
in time-reversal invariant superconductors, with SU(2),
U(1), or no spin symmetry, respectively [4, 20]. For
any Bogoliubov-de Gennes Hamiltonian, physical time-
reversal invariance can always be represented as an effec-
tive “chiral” symmetry, i.e. the condition that some ma-
trix MˆS anticommutes with the single-particle Hamilto-
nian matrix hˆ [64]. The sublattice symmetry in Eq. (3c)
is such a chiral condition.
There are in fact two unitarily inequivalent types of
chiral symmetry available for 2D Dirac fermions [74].
The sublattice symmetry in Eq. (3c) defines a 2D class
AIII Dirac theory with mass, scalar potential, and vector
potential perturbations. Since one can gap out the sys-
tem with a nonzero average mass without breaking the
defining chiral symmetry, this cannot be a topological
surface state theory. On the other hand, for the same
2-node Dirac Hamiltonian in Eq. (2), we can introduce
an “anomalous” version of the chiral symmetry,
Stop : −σˆ3 hˆ σˆ3 = hˆ. (5)
This differs from Eq. (3c) due to the absence of a grading
in valley space. In the context of a class AIII topological
superconductor (TSC), Eq. (5) represents physical time-
reversal symmetry realized at the boundary of the sample
[4, 20, 64]. In a chiral bulk topological insulator, it is the
surface projection of the bulk sublattice symmetry [19].
Eq. (5) is anomalous because it cannot be realized via
a local symmetry transformation in a strictly 2D lattice
model [unlike Eq. (3c), which is the continuum version
of the lattice operation in Eq. (4)].
Imposing Eq. (5) on the Dirac model, only vector po-
tential perturbations are allowed. I.e., the Hamiltonian
in Eq. (2) reduces to
hˆ(2)AIII ≡ σˆa¯ [−i v ∂a¯ +Aa¯,0(r) +Aa¯,i(r) τˆi] , (6)
where the repeated indices a¯ ∈ {1, 2} and i ∈ {1, 2, 3} are
summed. Eq. (6) describes 2D Dirac fermions perturbed
by quenched random U(1) (Aa¯,0) and SU(2) (Aa¯,i) vector
potentials. If we further suppress scattering between the
two nodes, we get two copies of the simpler single-node
theory
hˆ(1)AIII ≡ σˆa¯ [−i v ∂a¯ +Aa¯,0(r)] . (7)
In this case only abelian vector potential disorder ap-
pears. Eqs. (6) and (7) can be realized as surface state
theories for class AIII TSCs with bulk winding numbers
ν = 2 and ν = 1, respectively. Alternatively, two inde-
pendent copies of Eq. (7) obtain from the 2D class AIII
Gade-Dirac model defined by Eq. (3c), when internode
scattering (mediated by {m1,m2, V1, V2}) is suppressed
by hand. Similar fine-tuning of impurity amplitudes in a
model for 2D d-wave superconductor quasiparticle scat-
tering can realize 2 or 4 copies of hˆ(2)AIII or hˆ
(1)
AIII, respectively
[25, 37].
The effective field theory describing the wave func-
tion and transport statistics near zero energy for the
surface state models in Eqs. (6) and (7) is a class AIII
5Wess-Zumino-Novikov-Witten (WZNW) nonlinear sigma
model [21–24, 64] (see Sec. VIIA). It is identical in form
to the principal chiral sigma model relevant to Gade-
Wegner physics in class AIII [65–67], except that the
latter lacks the WZNW term. The presence or absence
of this term completely changes the low-energy physics
[7, 67, 74]. The key low-energy properties of Eqs. (6) and
(7) are as follows.
1. Zero-energy multifractal spectrum—Zero-energy
eigenstates of hˆ(ν)AIII (where ν ∈ {1, 2} is the winding num-
ber) are critically delocalized, with a purely parabolic
multifractal spectrum τ(q) [7]. (For a review of multi-
fractality in the context of topological superconductor
surface states, see Refs. [35–37, 64].) The multifractal
spectrum is [16, 22, 23, 26]
τ(q) = 2(q − 1) + ∆(q),
∆(q) = θν q(1− q), 0 ≤ |q| ≤ qc, qc =
√
2
θν
, (8)
where the parameter θν is given by
θν =
ν − 1
ν2
+ λA
pi
. (9)
Here λA is the variance of the abelian white noise disorder
potential in Eqs. (6) and (7),
Aa¯,0(r)Ab¯,0(0) = λA δa¯,b¯ δ(2)(r). (10)
The abelian disorder strength λA is exactly marginal in
the RG sense, i.e. it parameterizes a line of fixed points
[16, 22, 23].
In fact, Eq. (8) holds only for qc ≥ 1. For qc < 1,
the τ(q) undergoes “freezing” [26, 35, 75, 76]. A frozen
wave function is quasilocalized, in that it typically ex-
hibits a “few” rarified peaks. These peaks, however, are
separated by arbitrarily large distances. We will only
consider the unfrozen regime, i.e. λA < pi(2 − ν−1ν2 ) in
this paper.
The non-topological 2D Gade-Wegner models also fea-
ture an abelian parameter λA; this is related to the vari-
ance of the vector potentials {Aa¯,0, Aa¯,3} in the model
defined by Eq. (3c). Unlike the topological surface-
state theory, however, the λA parameter always flows
to infinity under the RG [65–67]. For this reason, the
low-energy physics of 2D Gade-Wegner models is always
frozen [77, 78].
2. Finite energy: correlation length and density of
states— A finite energy E 6= 0 introduces a scale to the
conformally invariant zero-energy theory. Formally, en-
ergy is a relevant coupling strength that flows to large val-
ues under the renormalization group [16, 36, 37]. We can
associate to this relevant coupling a correlation length
ζ(E) ∼ |E|−1/z, with the dynamical critical exponent
[21, 22, 64]
z = 2− 1
ν2
+ λA
pi
. (11)
We will see that ζ(E) plays an unconventional role in the
characterization of finite-energy eigenstates for topolog-
ical class AIII Hamiltonians [Eqs. (6) and (7)], in that
it divides two different quantum critical scaling regimes,
see Fig. 1 and Secs. III, IV and VI. The length ζ(E)
thus plays the role of a crossover scale between different
critical fixed points, instead of dividing a critical point
(the delocalized zero-energy theory) from a massive fixed
point (which would be an Anderson insulator at finite en-
ergy).
The dynamical critical exponent z also determines the
scaling form of the low-energy density of states (DoS)
ρ(E) for the Hamiltonians in Eqs. (6) and (7), which
vanishes or diverges with a power-law,
lim
E→0
ρ(E) ' |E|(2−z)/z. (12)
Eq. (12) assumes weak λA, such that the system is not
“frozen” at zero energy (in the sense discussed above).
Because λA →∞ in the Gade-Wegner models, the low-
energy DoS in the 2D, non-topological version of class
AIII always freezes. The low-energy behavior is given by
ρGade(E) ∼ 1|E| exp (−c|E|
α) (13)
where α = 1/2 (2/3) below (above) freezing [65–67, 77,
78] (but see also [79]).
3. Zero-temperature, zero-energy conductivity—At zero
temperature and zero doping relative to the Dirac point,
the Landauer conductivity of hˆ(ν)AIII is independent of the
disorder [16, 27, 28], and equivalent to that of the clean
limit [7, 80]
σx,x = |ν|/pi, (14)
in units such that the conductance quantum e2/h = 1.
This result also describes charge conduction through a
wide, perfectly clean nanoscopic flake of graphene, pre-
cisely doped to the Dirac point [80]. For the topological
WZNW class AIII theory, Eq. (14) appears to hold even
in the presence of both disorder and interactions [29].
By contrast, in the Gade-Wegner class AIII Dirac
model, the conductivity at zero energy is non-universal,
depending on the microscopic strengths of the mass and
potential disorders [7, 67]. Interactions further mod-
ify the conductivity via Altshuler-Aronov corrections
[18, 81]; the latter are excised by the WZNW term in
the topological case [29].
C. Integer quantum Hall plateau transition
In Secs. III and IV, we will look for signatures of the
class A quantum Hall plateau transition (QHPT) in the
finite-energy eigenstates of Eqs. (6) and (7). The key at-
tributes we detect are the multifractal spectrum and the
Landauer conductivity. From numerical studies of the
QHPT, the τ(q) spectrum is known to be approximately
6parabolic, given by Eq. (8) with θQHPT ' 1/4 [7, 30]. The
average conductivity at the plateau transition is [7, 34]
σ(QHPT)x,x ' 0.58± 0.02, (15)
again in units such that e2/h = 1. For earlier studies see
Refs. [30–33].
III. ONE DIRAC NODE, U(1) VECTOR
POTENTIAL DIRT (AIII, ν = 1)
In this section, we present numerical evidence for a
continuous band of critical QHPT states in a single Dirac
node with a random U(1) vector potential. This corre-
sponds to the ν = 1 class AIII surface state Hamiltonian
in Eq. (7), which is a 2 × 2 matrix differential operator,
protected by the “topological” version of chiral symmetry
in Eq. (5). For analytical approaches, the white noise dis-
order correlator Eq. (10) along with an UV cutoff on the
Dirac dispersion is a convenient choice. In contrast, for
our numerics, we find it useful to work with finite-range
disorder correlations and take the UV-cutoff for the dis-
persion to infinity. We assume the disorder fields Aa¯,0(r)
(a¯ ∈ {1, 2}) to vary smoothly on a scale ξ, and these
fields are taken to have zero average value over the sam-
ple area. The disorder statistics are taken to be Gaussian
with the correlator
Aa¯,0(r)Ab¯,0(r′) = δa¯,b¯
W 2(~v/ξ)2
2pi e
−|r−r′|2/2ξ2 , (16)
with disorder correlation length ξ; in this and the fol-
lowing two sections we restore ~. The dimensionless dis-
order strength is 1ξ2
(
ξ
~v
)2 ∫
r 〈A1(r)A1(r′)〉dis = W 2. In
the limit of ξ being the smallest scale, the exact analyt-
ical results [16] for the white noise disorder case should
hold at low energies. The dynamic critical exponent is
predicted to be given by [Eq. (11) with ν = 1]
z = 1 +W 2/pi. (17)
This corresponds to the purely marginal parameter λA =
W 2 in Eq. (10), which parameterizes a line of fixed points
[16]. These results are valid in the low-energy |E| → 0
limit, below the freezing transition that occurs at Wc =√
2pi ' 2.5 [26, 35, 75, 76]. In the following, we will work
with W = 2.3 in order to keep disorder-induced length
scales short while staying below Wc. We then expect
z = 2.68.
We start with an exact diagonalization (ED) study of
the Hamiltonian in Eq. (7), regularized on a lattice in mo-
mentum space, assuming periodic boundary conditions
in real space. Compared with tight-binding models in
real space, the momentum space approach avoids fermion
doubling and band bending effects on the one hand, but
results in a dense Hamiltonian matrix which limits the
available system sizes on the other hand. We choose a
linear dimension of L = 60ξ and a momentum cutoff
ξ|ka¯| ≤ R (a¯ ∈ {1, 2}) with R = 5, which gives sufficient
real space resolution to resolve the smooth variation of
the disorder field. We checked that the results are con-
verged with respect to R and the number of disorder
realizations (typically a few hundred).
In Fig. 2(a) we plot the ED-DoS ρ versus energy E > 0.
The scaling form ρ(E) ∼ E2/z−1 implies a divergence at
zero energy when z > 2 as in our case. In our finite size
system, the divergence is replaced by a peak. At larger
energies above ∼ 2~v/ξ, the DoS is unaffected by disor-
der scattering and asymptotically approaches the clean
value ρ0(E) = E2pi~v (solid line). In Fig. 2(b) we quan-
tify the DoS power law by plotting N(E) =
∫ E
0 d ρ()
(solid) and confirm that it goes like N(E) ∼ E2/z for
small E (dashed line). This agreement with non-trival
analytical predictions validates our numerical model and
demonstrates precise control over the disorder strength.
We now turn to the results of a transport calculation
for which we assume x to be the transport direction. The
time independent Schrödinger equation hˆ(1)AIII ψ = E ψ can
written as
∂xψ (x, ky) = (ky σˆ3 + iσˆ1 kF )ψ (x, ky)
− iσˆ1 1~v
∑
k′y
Uˆ(x, ky − k′y)ψ
(
x, k′y
)
, (18)
where Uˆ ≡ A1,0 σˆ1+A2,0 σˆ2 and kF ≡ E/~v. This can be
solved in terms of the transfer matrix, using the method
of Ref. [11]. We assume periodic boundary conditions
in the transverse direction with |ky| = 2pi|n|/Ly ≤ R/ξ
(n ∈ Z), and again use the mode cutoff R and width Ly
large enough so that the results below do not depend on
them. Assuming clean, highly doped leads attached at
x = 0 and x = Lx, the propagating lead modes are σˆ1
eigenstates [11]. This allows the definition of a scattering
matrix S. From the transmission block t, the longitudinal
conductance can be found as G = e2h tr
(
t†t
)
. We take the
disorder average G and plot the resistance, normalized
to the sample width Ly/G in Fig. 2(c) as a function of
Lx. For a diffusive sample, we expect Ly/G = LyR0 +
1
σLx where R0 is some contact resistance and σ the bulk
conductivity. The data for E = 0 agrees with σ = e2/hpi
[Eq. (14)] and R0 = 0 for each disorder realization, as
required by gauge invariance and chiral symmetry [28,
82].
For any finite energy, there is a crossover of the resis-
tance trace to diffusive behavior with a larger conduc-
tivity. We define the crossover scale ζ as the length Lx
where Ly/G deviates by 5% from the E = 0 result. In
Fig. 2(d) we show that the crossover scale for E  ~v/ξ
indeed follows the scaling ζ ∼ E−1/z expected for the
correlation length.
In Fig. 2(e), we plot the conductivities as fitted from
the resistance data well above the crossover scale. For
70 1 2
E / v
0.0
0.1
0.2
0.3
v
(a)
ED
clean
10 2 10 1 100
E / v
101
102
N
(E
)
(b)
ED
E2/z
0 20 40 60
Lx/
0
50
100
150
200
L y
/G
(L
x)
h/
e2
(c)
= e2/h
E / v = 0.0
0.003
1.2
10 2 10 1
E / v
101/
(d)
E 1/z
10 2 10 1 100
E / v
0.0
0.2
0.4
0.6
0.8
h/
e2
(e) QHPT
= e2/h (AIII)
0 1 2
q
0.4
0.2
0.0
(q
)
(f)
QHPT = 0.25
FIG. 2. Numerical results for the topological class AIII surface model with a single Dirac node (ν = 1), defined by Eq. (7) and
protected by the “anomalous” chiral symmetry in Eq. (5). The random vector potential strength is W = 2.3 [Eq. (16)]. (a) The
DoS ρ(E) versus energy, as calculated from ED, is most strongly affected by disorder around the Dirac point (E = 0). (b) The
integrated DoS N(E) =
∫ E
0 d ρ() is plotted versus energy. The predicted scaling form implied by Eq. (12) is governed by the
disorder-dependent dynamical critical exponent z = 1 +W 2/pi. (c) Quantum transport results for the resistance normalized to
system width. The energies are from top to bottom Eξ/~v = 0, 0.003, 0.01, 0.03, 0.1, 0.3, 0.7, 1.2. (d) The crossover scale from
the transport calculation scales as the correlation length ζ ∼ E−1/z. (e) Conductivities extracted from the slope of the curves
in panel (c), compared to the established value of the QHPT critical conductivity. (f) Anomalous part of the multifractal
spectrum ∆(q) extracted from box size scaling of ED eigenstates for box sizes beyond the correlation length ζ, as extracted in
(d). The data correspond to Eξ/~v = 0.01, 0.03, 0.1, 0.3, 0.7, 1.2 (bottom to top at q = 2).
0 < E . ~v/ξ, the conductivities show a plateau at
σ ' 0.55 e2h in fair agreement with the value σ(QHPT)x,x =
0.58 ± 0.02 e2h obtained by Schweitzer and Markoš [34]
via the Kubo formula for a lattice model at the QHPT
transition. At larger energies E, the conductivity at the
accessible length scales increases with energy. This is as
expected for the semiclassical Drude conductivity, which
goes as σ ∼ (e2/h)(1/W 2) [69]. For these large energies,
the available length scales are insufficient to decide which
scenario, Anderson localization or QHPT-criticality, is
realized at the largest length scales.
Further evidence for the presence of a stack of QHPT
critical states at finite energies comes from the anomalous
part of the multifractal spectrum ∆(q) = τ(q)− 2(q− 1),
as shown in Fig. 2(f). Here, τ(q) is defined via the scaling
of the disorder averaged generalized inverse participation
ratios [7],
Pq ∼ (b/L)τ(q), (19)
where, for a single disorder realization,
Pq =
∑
B
(∑
ri∈B
|ψ(ri)|2
)q
(20)
and the outer sum is over square regions B with linear size
b covering the real space lattice. To find Pq, we use the
ED eigenstates ψ close to energy E computed above. It
turns out that for small energies E > 0.1~v/ξ, the power
law in Eq. (19) is governed by two different multifractal
spectrums τ(q), with the crossover at b ' ζ as found in
Fig. 2(d). To capture only the long distance physics be-
yond the correlation length, we restrict to b > ζ, which is
only possible for E ≥ 0.01~v/ξ due to the overall system
size restriction. For a wide range of energies E > ~v/ξ,
we find ∆(q) in good agreement with the established form
for QHPT states [7, 30], ∆(q) = θQHPT q(1− q) [Eq. (8)],
with θQHPT ' 0.25.
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FIG. 3. Numerical results for the topological class AIII surface model with two Dirac nodes (ν = 2), defined by Eq. (6) and
protected by the “anomalous” chiral symmetry in Eq. (5). The Abelian and non-Abelian vector potential disorder strengths
are WA = 2.2 and WN = 1.5, respectively [cf. Eq. (16)]. (a) The DoS as a function of energy, as calculated from ED. (b) The
integrated DoS N(E) =
∫ E
0 dε ρ(ε) plotted versus energy. The predicted scaling form implied by Eq. (12) is governed by the dy-
namical critical exponent z = 7/4+W 2A/pi, which depends only on the Abelian disorder strength. (c) Quantum transport results
for the resistance normalized to system width. The energies are from top to bottom Eξ/~v = 0, 0.003, 0.01, 0.03, 0.1, 0.3, 0.7, 1.2.
(d) The crossover length from the transport calculation scales as the correlation length ζ ∼ E−1/z. (e) Conductivities extracted
from the Lx ≥ 200ξ slopes of the curves in panel (c), compared to the established value of the QHPT critical conductivity. (f)
Anomalous part of the multifractal spectrum ∆(q) extracted from box size scaling of ED eigenstates for box sizes beyond the
correlation length ζ as extracted in (d). The data correspond to Eξ/~v = 0.003, 0.01, 0.03, 0.1, 0.3, 0.7, 1.2 (bottom to top at
q = 2).
IV. TWO DIRAC NODES, U(1) ⊕ SU(2)
VECTOR POTENTIAL DIRT (AIII, ν = 2)
In this section, we consider the ν = 2 class AIII topo-
logical surface state model in Eq. (6). The disorder con-
sists of U(1) {Aa¯,0} and SU(2) {Aa¯,i τˆ i} vector poten-
tials, with a¯ ∈ {1, 2} and i ∈ {1, 2, 3}. We take these
eight potentials to be mutually uncorrelated, each with
a smooth autocorrelation function as in Eq. (16). The
disorder strength is taken to be WA for each of the two
Abelian potentials and WN for the non-Abelian ones, re-
spectively. We set WN = 1.5 and WA = 2.2 to stay
below the freezing transition at WA,c =
√
7pi/4pi = 2.34
[freezing is discussed below Eq. (10)]. We obtain z =
7/4 + W 2A/pi = 3.29 for the dynamical critical exponent
[Eq. (11)].
As above for ν = 1, we start with an ED study of
Hamiltonian hˆ(2)AIII and use L = 60ξ and R = 5 as a UV-
cutoff parameter. Fig. 3(a) shows the DoS ρ(E) with
the expected peak at energy E = 0 and a crossover to
the clean DoS of two Dirac cones (dashed line) at large
energies. In Fig. 3(b) we confirm the expected power law
of the DoS ρ(E) ∼ E2/z−1 by plotting N(E) ∼ E2/z.
We now turn to quantum transport results, obtained
as in the ν = 1 case. We use samples of width Ly =
400ξ and increase the length Lx up to 350ξ. Fig. 3(c)
shows the resistance normalized to sample width as a
function of length Lx for a range of energies between
E = 0 and E = 1.2~v/ξ. We define a crossover length ζ
from the resistance data as above for ν = 1 and confirm
the expected scaling ζ ∼ E−1/z in Fig. 3(d) for energies
E . 0.3~v/ξ. Beyond this crossover length, the slope
of the low energy resistance curves in Fig. 3(c) increases
and then saturates for Lx & 200ξ. The conductivity
fitted from this large Lx data is plotted versus energy
in Fig. 3(e), we find values in close vicinity to σ(QHPT)x,x
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FIG. 4. Numerical transport results for the topological two-
node class AIII Dirac model [ν = 2, Eq. (6)], with Abelian and
non-Abelian vector potential disorder of strengths WA = 2.1
and increasing WN = 0, 1, 2, 3 at energy E = 0.03~v/ξ. The
top panel shows the bare resistance data, while the lower panel
depicts the bulk conductivities obtained from linear fits to the
bare resistance data above Lx = 200ξ. These plots establish
the crossover of the two-node model from the finite-energy
conductivity plateau equal to 2 × σ(QHPT)x,x in the absence of
internode scattering, to a plateau with value 1 × σ(QHPT)x,x in
its presence.
[Eq. (15)] for small E and conductivities increasing with
energy for E ? 0.3~v/ξ.
Finally, Fig. 3(f) shows the anomalous part of the mul-
tifractal spectrum, as calculated from the ED eigenstates
in the vicinity of the energies used for the transport study.
In analogy with the conductivities, we find good agree-
ment with the QHPT form for low energies. At higher
energies weaker multifractality is observed.
Before closing this section, we give a complementary
perspective on the above results by ramping up from
zero the non-Abelian disorder strength. We take WN =
0, 1, 2, 3 at fixed Abelian disorder strengthWA = 2.1 and
fixed energy E = 0.03~v/ξ and present transport data
in Fig. 4. For WN = 0, the two nodes are decoupled
and we find a conductivity close to 2× σ(QHPT)x,x in agree-
ment with the single node case presented in Sec. III. For
WN = 1, 2, 3 the nodes are coupled and the conductivity
is close to the value 1× σ(QHPT)x,x .
V. NON-TOPOLOGICAL TWO-DIRAC NODE
MODELS: GADE-WEGNER AIII, LOCALIZED
GRAPHENE
We now contrast our findings for the topological-
surface-state class AIII models presented in Secs. III and
IV with two non-topological Dirac models, both of which
are expected to Anderson localize at finite energies.
We first consider the generic 2-node Dirac (“spinless
graphene”) model defined by hˆ ≡ hˆ0 + hˆA + hˆB + hˆC
[Eq. (2)]. This model possesses only U(1) symmetry,
without T , P , S [Eq. (3)] or the topological Stop [Eq. (5)]
symmetries. All disorder potentials are taken to be short-
range correlated as in Eq. (16), with zero average. This
model resides in the unitary class with a vanishing Hall
conductivity, and is expected to localize at all energies
[7, 28]. All disorder potentials are taken to carry the
same strength W = 1.5. In Fig. 5, we show numeri-
cal results for this model in the top row, panels (a,b,c).
The numerical results are obtained analogously to those
presented in the previous sections. The DoS in panel
(a) is finite and featureless at and around zero energy.
In panel (b), we show the IPR Pq=2, where we use a
box size corresponding to the disorder correlation length
b ' ξ. While the IPR is of the same order as for class
AIII-WZWN (crosses), the localizing behavior is clearly
observed in the resistance data in panel (c) probing larger
length scales. For small energies E ≤ 0.3~v/ξ the resis-
tance is growing with increasing slope to values much
above the clean zero energy resistance (dashed line).
We also consider the non-topological Gade-Wegner
class AIII Dirac model, defined by imposing the sublat-
tice symmetry in Eq. (3c). Just as in the topological
case studied in Sec. IV, there are eight allowed disor-
der perturbations. The crucial difference from the topo-
logical model in Eq. (6) is that Eq. (3c) permits mass
and scalar potentials, in addition to vector potential
disorder. The allowed perturbations from Eq. (2) are
{m1,m2, A1,3, A2,3, V1, V2, A1,0, A2,0} [67]. Numerical re-
sults are shown in Fig. 5(d,e,f). The DoS in panel (d)
shows the characteristic Gade-type singularity at E = 0
[Eq. (13)], and the IPR in panel (e) is increased as com-
pared to the topological version from Fig. 3. Concur-
rently, the tendency to localization in the resistance plot
in (f) is clearly observable. However, note that the con-
ductivity at zero energy in the Gade class AIII Dirac
model is finite and slightly lower than the clean conduc-
tivity σ = 2e2/(hpi) (dashed line), in agreement with
theoretical predictions [28, 67].
10
0.0 0.5 1.0 1.5
E / v
0.0
0.2
0.4
0.6
v
(a)
ED (A)
clean
10 2 10 1 100
E / v
0.000
0.001
0.002
0.003
0.004
P 2
(b)
A
AIII (WZNW)
0 50 100
Lx/
0
100
200
300
L y
/G
(L
x)
h/
e2
(c)
E / v = 0.0
0.1
0.3
0.7
1.2
= 2e2/h
0.0 0.5 1.0 1.5
E / v
0.0
0.2
0.4
0.6
v
(d)
ED (AIII-Gade)
clean
10 2 10 1 100
E / v
0.000
0.002
0.004
0.006
0.008
0.010
P 2
(e)
AIII-Gade
AIII (WZNW)
0 20 40
Lx/
0
50
100
150
200
250
L y
/G
(L
x)
h/
e2
(f)
E / v = 0.0
0.003
0.03
0.3
= 2e2/h
FIG. 5. Numerical results for non-topological, two-node Dirac models. Panels (a,b,c) show results for the unitary class A
model defined by all 16 disorder potentials in Eq. (2). Panels (d,e,f) show results for the Gade-Dirac class AIII model defined
by restricting to the 8 potentials allowed by the sublattice symmetry in Eq. (3c). In both cases, all disorder strengths are set
equal to W = 1.5. The DoS versus energy is shown in panels (a) and (d) respectively, (b) and (e) depict the IPR and compare
to the results for the topological class AIII model from Sec. IV and Fig. 3. Quantum transport results showing the resistance
versus sample length are depicted in panels (c) and (f).
VI. DIRTY SURFACE STATES OF A CLASS
AIII 3D TOPOLOGICAL LATTICE MODEL
We complement the results from the former sec-
tions dealing with pure surface theories by exact-
diagonalization studies of a slab topological supercon-
ductor system. We investigate the multifractal spectra
of surface states in the superconducting gap. For this
purpose, we take the model from Ref. [29]. Although not
microscopically realistic, this model encodes a class AIII
topological superconductor on the diamond lattice. By
tuning of parameters one can realize winding numbers of
ν = −2,−1, 0, 1, 2. See Fig. 6 for a sketch of the topolog-
ical phase diagram. This means we can study both even
and odd winding numbers by tuning parameters in this
model.
The lattice Hamiltonian can be decomposed into 3
parts, H = H1 + H2 + H3. We transcribe the model in
the absence of disorder as follows. The first kinetic term
consists of nearest-neighbor hopping from one sublattice
(A) to the other (B):
H1 =
∑
R,δ
∑
ν=↑,↓
t′
[
C†Aν(R)CBν(R + δ) + H.c.
]
, (21)
where Ciν(R) annihilates an electron at siteR on sublat-
tice i ∈ {A,B}, with spin polarization ν ∈ {↑, ↓}. Here
the displacement vectors {δ} connect nearest-neighbor A
and B sites, and “H.c.” is the Hermitian conjugate.
A second kinetic term involves a staggered chemical
potential and next-nearest-neighbor hopping in the xz-
and yz-planes,
H2 =
∑
i=A,B
∑
R
∑
ν=↑,↓
Vi C
†
iν(R)Ciν(R)
+
∑
i=A,B
∑
R,δ˜
∑
ν=↑,↓
ti(δ˜)
[
C†iν(R)Ciν(R + δ˜)
+ H.c.
]
, (22)
where the vectors {δ˜} connect next-nearest-neighbor
(same-sublattice) sites on the diamond lattice, and where
Vi =
{
µs i ∈ A,
−µs i ∈ B, (23)
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ti(δ˜) =

t/2, (i ∈ A, δ˜ ⊥ yˆ) ∨ (i ∈ B, δ˜ ⊥ xˆ),
−t/2, (i ∈ A, δ˜ ⊥ xˆ) ∨ (i ∈ B, δ˜ ⊥ yˆ),
0, δ˜ ⊥ zˆ.
(24)
The Hamiltonian in Eqs. (21) and (22) preserves both
time-reversal and spin SU(2) symmetries. Superconduc-
tivity is introduced via
H3 =
∑
i=A,B
∑
R,δ˜
∑
µ,ν
=↑,↓
 12∆µν(δ˜)C†iµ(R)C†iν(R + δ˜)
+ H.c.
, (25)
incorporating spin-singlet d-wave and spin-triplet p-wave
pairing terms,
∆ˆ(δ˜) =

i
√
3∆µˆ2 (d-wave spin singlet), δ˜ ⊥ zˆ,
−i sgn(δ˜y)∆µˆ1 (p-wave spin triplet), δ˜ ⊥ xˆ,
−i sgn(δ˜x)∆µˆ1 (p-wave spin triplet), δ˜ ⊥ yˆ.
(26)
In the last equation, the Pauli matrices {µˆ1,2,3} act on
spin-1/2 space.
For nonzero {t′,∆}, the full BdG Hamiltonian in
Eqs. (21)–(26) is fully gapped in the bulk, except for
{µs, t} constrained along the topological phase transi-
tion lines indicated in Fig. 6. It preserves time-reversal
T symmetry, as well as invariance under U(1) rotations
about the zˆ-axis in spin ({↑, ↓}) space [29]. With super-
conductivity, these symmetries realize class AIII [4, 18].
We implement the Hamiltonian for a slab geometry.
In the x-direction we terminate the diamond lattice in
two surfaces, with W pairs of (L× L) A,B layers in be-
tween. We choose periodic boundary conditions in y- and
s
FIG. 6. Phase diagram of the lattice model defined by
Eqs. (21)–(26), as function of the staggered chemical poten-
tial µs and the next-nearest-neighbor hopping t [Eqs. (22)–
(24)]. There are critical lines at µs = ±t and µs = ±3t
separating different topological phases with winding numbers
ν = −2,−1, 0, 1, 2. For ν = 2, the bulk gap is largest (and
therefore the surface penetration depth smallest) at µs = 0
and finite t > 0. The ν = 1 phase is narrower in phase space
and harder to observe in ED numerics due to the larger pen-
etration depth. The blue dots indicate the ν = 2 and ν = 1
parameters investigated in Figs. 7 and 8.
z-directions to obtain a quasi-infinite slab of thickness
W . Disorder is implemented by choosing each coupling
λ ∈ {t′, µs, t,∆} [Eqs. (21)–(26)] from a box distribution
λ ∈ [λ¯−δx λ¯, λ¯+δx λ¯], where λ¯ is the average value of the
coupling strength. In order to avoid localization of the
bulk states, we choose δx that quickly decays away from
the two surfaces, so that the disorder effectively resides
only near sample boundaries. Suppressing bulk disorder
further prevents shifting of topological phase boundaries
as function of the disorder strength.
The lattice wave function carries crystal coordinates
{x, y, z}, sublattice index i ∈ {A,B}, and spin index
ν ∈ {↑, ↓}. The surface-resolved probability density of
an eigenstate wave function ψx,y,z;i,ν is defined via
|ψSy,z|2 ≡
∑
i=A,B
∑
x
∑
ν=↑,↓
|ψx,y,z;i,ν |2, (27)
where we trace over the slab depth x, as well as sublat-
tice and spin spaces. The surface states decay quickly
(exponentially) into the bulk, and our results are not de-
pendent on how many slices orthogonal to the x-direction
are taken for states deeply in the gap.
We define the box probability µn and the inverse par-
ticipation ratio P bq as usual,
µn =
∑
y,z∈Abn
|ψSy,z|2, (28)
P bq =
∑
n
µqn. (29)
We subdivide the (L×L) surface into square boxes {Abn}
of linear size b. For the linear regression to extract the
multifractal exponents τq, only commensurate box-sizes
are taken into account:
lnP bq = τq ln b+ c. (30)
For 0 < q < 1, the restriction to commensurate box-sizes
is crucial.
For a large system with linear surface size L = 72 and
even winding number ν = 2, we show the density of states
and eigenstate multifractality in Fig. 7. Energy E is mea-
sured in units of the nearest-neighbor hopping strength
t′. For the analysis presented in Fig. 7, we only extract
the in-gap states that comprise less than 1% of the en-
tire energy spectrum. Throughout the gap, a power-law
integrated density of states N(E) ∝ Eα, with α close to
unity is obeyed [Fig. 7(a)]. The dimensionless disorder
strength δ implemented on all surface couplings of the
microscopic lattice model is related to the abelian (λA)
and nonabelian disorder strengths of the surface theory
[Eqs. (6) and (10)] in a non-trivial way. For this reason,
a comparison of bare and effective disorder via Eq. (12)
as in the preceding sections is therefore not revealing in
this case.
In Fig. 7(b), a histogram exhibiting the density of
critical versus the density of all states is shown. A
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FIG. 7. Numerical exact diagonalization results for the disordered surface states of the 3D class AIII topological superconductor
lattice model defined by Eqs. (21)–(26). The bulk is tuned to the ν = 2 phase as indicated by the blue dot in Fig. 6. This
figure shows results for a system of surface size L = 72 with box disorder on all couplings λ ∈ {t′, µs, t,∆} only near the top
and bottom slab surfaces. For each parameter the disorder spans λ ∈ [λ¯− δ λ¯, λ¯+ δ λ¯], where δ = 0.8 and the average coupling
strengths are t¯′ = 4, µ¯s = 0, t¯ = 2, and ∆¯ = 1. Results here characterize eigenstates across the energy (E) spectrum for a single,
typical realization of the disorder. The energy E is measured in units of t′, and the bulk gap is E = 1.5. (a) The integrated
density of states N(E) is shown. Throughout the gap, a power law N(E) ∝ Eα with α = 1.06 is obeyed. The perfect power
law is shown slightly shifted in orange. (b) Histogram of the density of critical versus all states. A state is critical, once its
anomalous multifractal exponents ∆q match the class A QHPT prediction ∆(QHPT)q ' (0.25)q(1− q) [7, 30] within 4% for 75% of
the q ∈ [0, qc] below freezing qc = 2.83 [36, 37]. The total DoS is shown in blue, the critical fraction is colored red. (c) Fits for
extracting the multifractal exponents are shown for an exemplary state at E = 0.47. Commensurate box sizes are shown as red
dots, incommensurate ones (padded with zeros) are blue. When fitting only commensurate boxings are taken into account, and
these satisfy the expected linear relation very well even for large q. One can observe that logP bq depends linearly on log b for a
single state. (d) Vertical depth profile for the surface states. The ratio of the top and bottom surface probabilities [Eq. (31)] is
plotted versus energy. The vast majority are localized on either one of the two faces with open boundary conditions, hence the
width of the sample is sufficient to study surface properties. States that extend into the bulk are colored black, high-energy
surface states blue and low-energy surface states green. This color code is also used in (e),(f). At E = 1.5, where the gap closes
almost all states extend into the bulk. (e) Second anomalous dimension ∆2 as function of energy. For the high-energy surface
states (E > 0.3, blue) there is reasonable agreement with ∆(QHPT)2 = −0.5. (f) Multifractal spectra for all surface states. There
is good agreement of the high energy states (blue dots) with the expected QHPT parabola [7, 30] (red line). The low energy
states are strongly multifractal (green).
state is critical, once its anomalous multifractal expo-
nents ∆q match the class A QHPT prediction ∆(QHPT)q '
(0.25)q(1− q) [7, 30] within 4% for 75% of the q ∈ [0, qc]
below freezing qc = 2.83 [36, 37]. Almost a third of
the in-gap states satisfies this. We verify that the in-
verse participation ratios logP bq depend linear on log b
and show this for an exemplary state in Fig. 7(c). Fur-
ther in Fig. 7(d), we check that the wave functions in the
gap consist primarily of surface states by analyzing their
behavior integrated over slices in the open direction x.
Here, the total surface probabilities are defined via
|ψtop|2 =
∑
i=A,B
∑
y,z
∑
ν=↑,↓
|ψx=W,y,z;i,ν |2,
|ψbot|2 =
∑
i=A,B
∑
y,z
∑
ν=↑,↓
|ψx=0,y,z;i,ν |2.
(31)
Finally, panels (e) and (f) in Fig. 7 exhibit anomalous
multifractal spectra for states spanning the bulk gap. Al-
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FIG. 8. Disorder-averaged multifractal spectra for the lattice
model defined by Eqs. (21)–(26) with surface size L = 48, slab
depth W = 36, and ν = 1, 2. The corresponding bulk topo-
logical phases are indicated by the blue dots in Fig. 6, while
t¯′ = 4 and ∆¯ = 1 as in Fig. 7. For selected energies, we show
∆q as a function of q in the left-hand panels. The QHPT
parabola ∆(QHPT)q ' (0.25)q(1 − q) is shown for comparison.
For ν = 1, 2, selected dimensions ∆{0.45,1.45,1.95} are plotted
as a function of energy E on the right. As a guide to the eye,
∆(QHPT){0.45,1.45,1.95} = {0.06,−0.16,−0.46} are marked by dashed
red lines. At zero energy, there is strong multifractality. The
gap closes at E ' 1.5 (not shown) in both cases. The key
takeaway is that we observe no even-odd effect: both ν = 1, 2
exhibit critical surface states (with approximate QHPT mul-
tifractality) spanning the bulk energy gap. An even-odd effect
would mean critical (Anderson localized) finite-energy states
for odd (even) winding numbers. Such an effect is predicted
from a naive deformation of the WZNW term in the theory
governing zero-energy critical states, see Sec. VIIA. The ED
studies on the lattice model agree with S-matrix and momen-
tum space (Secs. III, IV) studies in that both ν = 1, 2 match
the QHPT critical behavior at finite energies.
though states near zero energy exhibit stronger multifrac-
tality, most of the in-gap states show weaker fractality,
consistent with the QHPT prediction.
In Fig. 8, we show disorder-averaged multifractal spec-
tra for smaller (L = 48) systems. We compare the two
winding numbers ν = 1 and ν = 2. In agreement with
the preceding conductivity and multifractality study of
the surface theory (Secs. III and IV), we find the same
behavior at finite energies for both winding numbers. In
accordance with the expectation [Eq. (9)] for the topolog-
ical AIII surface theory, there is strong multifractality for
strong disorder at zero energy. For E > 0.5 , there is very
good agreement between the class A QHPT parabola and
the observed average multifractal spectra. At higher en-
ergies (not shown), the surface states start extending into
the clean bulk.
VII. DISCUSSION
A. Sigma models, absent even-odd effect, and
phase diagram
The statistics of spatial fluctuations in the zero-energy
eigenstates of the class AIII topological surface-state
Hamiltonians in Eqs. (6) and (7) can be encoded in a
matrix sigma model [7]. The form of the theory obtains
from non-abelian bosonization [16, 21–25, 67] and con-
formal embedding theory [64],
S = ν8pi
∫
d2r Tr
[∇qˆ† ·∇qˆ]
− λA ν
2
8pi2
∫
d2r Tr
[
qˆ†∇qˆ] · Tr[qˆ†∇qˆ]
+ iω2
∫
d2r Tr
[
Λˆ
(
qˆ + qˆ†
)]
− iν12pi
∫
d2r dR abc Tr
[
(qˆ†∂aqˆ)(qˆ†∂bqˆ)(qˆ†∂cqˆ)
]
.(32)
Here ν is the bulk winding number, equal to one (two) for
the Hamiltonian in Eq. (7) [(6)]. The parameter λA is the
strength of the abelian disorder potential [Eq. (10)]. The
parameter ω is the ac frequency at which the conductivity
is to be evaluated. Taking ω 6= 0 probes states away from
zero energy.
The field qˆ(r) is a (2n)×(2n) unitary matrix
[qˆ†(r) qˆ(r) = 1ˆ2n, where 1ˆ2n denotes the (2n)×(2n) iden-
tity], with n → 0 equal to the number of fermionic
replicas [7, 64]. The frequency ω couples to the (imagi-
nary [25]) “mass” term (i/2) Tr[Λˆ(qˆ + qˆ†)], where Λˆ =
diag {1ˆn,−1ˆn} grades in retarded/advanced space [7].
The fourth line in Eq. (32) is the Wess-Zumino-Novikov-
Witten term, which requires the extension of the field
domain to the 3-ball (R, r), with 0 ≤ R ≤ 1. The third
coordinate R can be thought of as accessing the “bulk”
of the topological phase, with R = 1 denoting the surface
[73].
The first three lines of Eq. (32) describe the topologi-
cally trivial “Gade” AIII Dirac model [18, 67, 73, 81], de-
fined by the restriction of Eq. (2) via the sublattice (chi-
ral) symmetry in Eq. (3c). As we have seen in Sec. V and
Fig. 5, the finite-energy states of this model are strongly
Anderson localized.
It is the advent of the WZNW term on the fourth
line of Eq. (32) that distinguishes the topological class
AIII models [Eqs. (6) and (7)], which are protected by
the anomalous chiral symmetry in Eq. (5). The key
zero and low-energy properties of topological class AIII
surface states, summarized in Eqs. (9), (11), (12), and
(14), can be derived from Eq. (32) with ω = 0 [16, 21–
24, 27, 28, 64, 67]. We have numerically established
that these models exhibit “stacks” of critically delocal-
ized QHPT states at finite energy in Secs. III, IV, and
VI.
A symmetry-based argument for the effect of ω 6= 0 in
Eq. (32) is the following. With ω = 0, the model exhibits
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FIG. 9. Schematic “physical” renormalization group flow
picture connecting zero-energy and finite-energy fixed-point
descriptions of class AIII topological surface states. In the
zero-energy horizontal plane, the system state is determined
by the winding number ν [equal to pi times the longitudinal
conductivity, Eq. (14)] and by the abelian disorder strength
λA, Eqs. (10) and (32). The latter parameterizes the parallel
zero-energy fixed lines, indicated in black. The numerical re-
sults presented in Secs. III, IV, and VI strongly suggest that
nonzero energy induces a flow (green arrows) to the logarith-
mic conformal field theory that governs the plateau transition
of the ordinary quantum Hall effect (QHPT). For λA = 0, fi-
nite energy produces special behavior for winding numbers
ν = 1 (clean Dirac) and ν = 2. The latter flows instead
to the plateau transition of the spin quantum Hall plateau
transition (SQHPT) [36]. Also indicated is the schematic
flow to the QHPT critical point from the ultraviolet limit
of the quantum Hall plateau transition, as captured by the
Pruisken sigma model in Eq. (35) with a large bare conduc-
tivity σx,x  1 and half-integer σx,y.
U(2n)⊗U(2n) symmetry, defined as invariance under in-
dependent left- and right- group transformations,
qˆ → UˆL qˆ Uˆ†R, Uˆ†LUˆL = Uˆ†RUˆR = 1ˆ2n. (33)
After absorbing the matrix Λˆ by left-group translation,
ω 6= 0 in Eq. (32) constrains UˆL = UˆR, reducing the sym-
metry to the diagonal U(2n). Although ω constitutes an
imaginary mass, if we assume that the oscillations in-
duced by fluctuations in the larger U(2n)⊗U(2n) space
are suppressed [25], we can impose “by hand” the con-
straint
qˆ = qˆ†, Tr [qˆ] = 0. (34)
Then qˆ2 = 1ˆ2n. Imposing these conditions in the presence
of the WZNW term requires care, because the constraint
introduces topologically distinct sectors of qˆ(r). Using
a standard deformation of the WZNW term due to Boc-
quet, Serban, and Zirnbauer [15, 25, 47], the sigma model
in Eq. (32) reduces to a version of Pruisken’s model for
the quantum Hall effect [83],
S → σx,x8
∫
d2r Tr[∇qˆ ·∇qˆ]
− σx,y8
∫
d2r ij Tr[qˆ ∂iqˆ ∂j qˆ], (35)
where
σx,x = ν/pi, σx,y = ν/2. (36)
The λA and frequency terms have now disappeared due to
Eq. (34). [We perform the group translation that replaces
Λˆ→ 1ˆ2n in Eq. (32), before implementing the constraint.]
The topological theta term on the second line of
Eq. (35) has the coefficient σx,y, given by Eq. (36). In
the context of a single massless Dirac fermion, it has
been argued that the parameter σx,y is not the physical
Hall conductivity [15]. The latter should vanish for the
on-average parity-invariant class AIII surface [25].
The main point is that Eq. (36) implies a nontrivial
even-odd effect. For odd values of the winding number
ν, the Pruisken term in Eq. (35) has ϑ ≡ 2piσx,y = pi
(modulo 2pi), corresponding to the plateau transition of
the integer quantum Hall effect [7, 14, 83]. On the other
hand, the parameter ϑ = 2pi for even winding num-
bers. This corresponds to the Anderson insulating quan-
tum Hall plateau. We conclude that the “derivation” of
Eq. (35) from Eq. (32) predicts that class AIII surface
states at finite energy are critically delocalized at the
QHPT (Anderson localized in the plateau) for odd (even)
winding numbers. Although we have obtained Eqs. (35)
and (36) using nonabelian bosonization, the same conclu-
sion is seemingly implied by a straight-forward gradient
expansion [5, 14].
A key result of the numerical results presented in
Secs. III, IV, and VI is that no such even-odd effect is
observed. The Landauer conductivity and multifractal
spectra results for surface theories with ν = 1, 2 shown
in Figs. 2 and 3, as well as the results for the surface
states of the class AIII bulk lattice model exhibited in
Fig. 8, show no difference between even and odd winding
numbers. In both cases, finite-energy states are observed
to form a “stack” of quantum critical QHPT states.
We emphasize that Eqs. (35) and (36) do not obtain
by following a physical renormalization group (RG) flow,
starting from the ω 6= 0 perturbed WZNW model in
Eq. (32). Instead, the imposition of the constraint in
Eq. (34) is essentially a “mean field” guess for how the
zero-energy field theory responds to the finite-energy per-
turbation. It is certainly possible that a physical RG
flow connects Eq. (32) with ω 6= 0 in the ultraviolet to
Eq. (35), but with σx,y = 1/2 for all nonzero ν. At the
same time, the Pruisken theory is also an ultraviolet de-
scription of quantum Hall physics, i.e. Eq. (35) can only
be derived in a controlled fashion for large bare σx,x  1
[7, 83]. The Pruisken model flows to strong coupling
σx,x → O (1); for σx,y = 1/2, this flow is presumed to
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terminate at the logarithmic conformal fixed point gov-
erning the QHPT.
A schematic RG flow diagram is shown in Fig. 9,
connecting the zero-energy fixed lines of Eq. (32) (with
ω = 0, parameterized by the purely marginal abelian dis-
order variance λA), to the putative QHPT critical point.
A conjectured flow from the ultraviolet Pruisken model
(with ϑ = pi) is also indicated in this figure.
B. Critical stacking and Zirnbauer’s ν = 4 AIII
model for the QHPT
Both the class AIII WZNW model in Eq. (32) and the
class A Pruisken model in Eq. (35) model are defined by
U(2n) unitary symmetry. In fact, for the special case of
one replica n = 1, these theories can become equivalent.
The Pruisken model with n = 1 has target manifold
U(2)
U(1)⊗U(1) '
O(3)
O(2) .
In this case, Eq. (35) is the effective Euclidean space-
time field theory for the 1+1-D antiferromagnetic SU(2)
Heisenberg spin-s chain, with σx,y = s [84]. According
to Haldane’s conjecture, for half-integer s this model is
equivalent to the SU(2) sector of the U(2) WZNW model
in Eq. (32), at level ν = 1. Although the “ultraviolet”
Pruisken theory has only diagonal SU(2) symmetry, the
WZNW model is invariant under the larger chiral sym-
metry group SU(2)⊗SU(2). Enlarged chiral symmetry is
a generic property of rational 2D conformal field theories.
By contrast, spin chains with integer s have ϑ = 2pi, and
flow to a gapped paramagnetic phase: this is the famous
even/odd effect predicted by Haldane’s conjecture [84].
Although the replica limit n → 0 produces nonuni-
tary, c = 0 logarithmic conformal field theories [24, 53],
one might hope that a version of the Haldane conjec-
ture survives in the replica limit. The QHPT features
a noncritical density of states, as well as an approxi-
mately parabolic multifractal spectrum τ(q), Eq. (8) with
θ ' 0.25 [7, 30]. We can apparently satisfy both of these
conditions in the class AIII WZNW model [Eqs. (9), (11)
and (12)] by choosing
λA
pi
= 1
ν2
, ν = 4. (37)
Very recently, Zirnbauer has argued that considera-
tion of the Chalker-Coddington network model indepen-
dently implies the existence of a class AIII current al-
gebra with level ν = 4 [54]. Owing to the special way
that the WZNW model emerges in the quantum Hall
context, Zirnbauer argues that the mean conductance at
the plateau transition is exactly half the predicted value
given by Eq. (14), σx,x = 2/pi ' 0.64. This is not too dif-
ferent from previous numerics [Eq. (15)] [7, 30–34], and
the value we find at finite energy for ν = 1, 2 class AIII
topological surface states in Figs. 2, 3, and 4.
A very surprising aspect of Zirnbauer’s proposal [54] is
that the correlation length exponent νQHPT (not to be con-
fused with the class AIII winding number ν) for tuning
away from the transition into the quantum Hall plateau
is actually predicted to be infinite. The claim is that
existing numerical studies showing νQHPT in the range be-
tween 2.3–2.6 [7, 30, 55–63] are beset by finite-size effects.
We emphasize that for the finite-energy class AIII surface
states that exhibit QHPT critical statistics studied here,
the exponent νQHPT does not play a role. This is because
all states are delocalized, and the only relevant length
scale is the crossover scale ζ(E) ∼ E−1/z between the
low-energy class AIII states (which exhibit winding num-
ber ν-dependent statistics) and the finite-energy QHPT
states. Here z is the dynamic critical exponent associated
to the class AIII, low-energy states [Eq. (11)].
The numerical results obtained in this paper open up
a potential avenue to test Zirnbauer’s ν = 4 theory. In
particular, if we assume that the ν = 4 class AIII WZNW
model [Eq. (32)] also exhibits a “stack” of QHPT criti-
cal eigenstates at finite energy, then the only difference
between zero- and finite-energies for ν = 4 is the fine-
tuning of the abelian parameter λA. The latter must
satisfy Eq. (37) in order to realize QHPT multifractal-
ity at finite energy. Thus, both zero- and finite-energy
states would be governed by the same quantum field the-
ory, and the only missing piece is a controlled renormal-
ization group mechanism that fine tunes λA → pi/16 for
ω 6= 0 in Eq. (32). This is an interesting avenue for future
analytical and/or numerical work.
C. Conclusion
In this paper we have presented substantial numeri-
cal evidence that most finite-energy surface states of a
class AIII topological superconductor (or chiral topolog-
ical insulator) form a “stack” of quantum critical, QHPT
states, in the presence of surface disorder that preserves
the defining class AIII symmetries. Similar results based
on the multifractal analysis of surface states with disor-
der were obtained in Refs. [36, 37], for class CI and DIII
topological superconductors. For class AIII treated here,
we have provided two additional sources of evidence for
the stacking of quantum Hall plateau transition states:
(1) Landauer conductance of the finite-energy states in
the continuum surface-only theory, and (2) multifractal
analysis of all in-gap states of a class AIII topological
diamond lattice model in the slab geometry.
In total, the results here and in Refs. [36, 37] strongly
argue for an unexpected, new connection between Z-
graded topological phases in two and three spatial di-
mensions. The 2D topological phases in classes C, A,
and D describe the spin, charge (ordinary integer), and
thermal quantum Hall effects, with broken time-reversal
symmetry. The 3D topological phases in classes CI, AIII,
and DIII can describe time-reversal invariant topological
superconductors. The numerics suggest that the quan-
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tum critical plateau transitions in classes C, A, and D,
which occur only at isolated energies in two dimensions,
reappear in gap-spanning “stacks” at the surfaces of class
CI, AIII, and DIII topological phases, respectively, in the
presence of symmetry-preserving disorder.
Much of the physics of these newly uncovered
quantum-critical, multifractal surface metals remains
to be explored. The role of interparticle interaction-
mediated instabilities in the presence of gap-spanning
multifractality is an obvious example. Another avenue is
the investigation of Zirnbauer’s proposal for the field the-
ory of the plateau transition as a particular zero-energy
class AIII topological surface state [54], see Sec. VIIB for
a discussion.
Classes CI, AIII, and DIII are also notable for ex-
hibiting a precisely quantized longitudinal surface spin
or thermal conductivity, which holds even in the presence
of disorder and interactions [7, 16, 27–29]. The connec-
tion between 2D class C, A, and D quantum Hall effects
and 3D class CI, AIII, and DIII topological superconduc-
tors likely reflects a deep, topological origin. The latter
remains to be uncovered in future studies.
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